PRELIMINARIES
In this paper all rings R are associative with identity and all R-modules are unital, and the category of all left R-modules will be denoted by R-Mod. If G is a group and R s [ R is a graded ring, we say that R g g g G is a graded ring of type G. The category of graded left R-modules is Ž denoted by R-gr; it is well known that R-gr is a Grothendieck category cf. w x. 
. A graded ring R s [ R is said to be a strongly graded ring if

Ž .
Let R be a graded ring. Let I I R R denote the family of all essential left gr Ž . ideals of R, and let I I R denote the family of all graded left ideals of R w x gr Ž . that are essential in R-gr. By 11, Lemma I.2.8 it follows that I I R :
Ž . I I R . w x We recall from 5 the definition of the singular functor of a Grothendieck category. Let C C be a Grothendieck category and let X be 
R where e denotes an essential submodule. The singular submodule occurs naturally in many questions in module theory. Ž . Ž . A ring R is said to have the splitting property SP if Z M is a direct Ž . summand of M for every left R-module M. The condition SP has been w x w x w x w x the subject of a long series of papers, a few of which are 1 , 6 , 15 , 16 , w x and 5 . Another closely related property comes from studying bounded order. A singular module S has bounded order if S can be embedded in a module M that has a set of generators all of which are annihilated by a Ž . fixed essential left ideal i.e., Im s 0 for every generator m of M . Then R Ž . Ž . has the bounded splitting property BSP if Z M is a direct summand of Ž . M for every left R-module M such that Z M has bounded order. The Ž w x . BSP has also been the subject of much study see 1, 5, 4, 16, 17 . If R has the BSP property, then R is left nonsingular. In the classical case, a commutative integral domain has BSP if and only if it is a Dedekind domain. The primary purpose of this paper is to study the BSP for strongly graded rings and group rings.
We begin Section 2 by studying the BSP for rings R graded by a finite < < group G such that G is invertible in R. In this case R has BSP if and only Ž . if it has a graded version of the BSP Corollary 2.5 . If, in addition, R is Ž . strongly graded, then R has BSP if and only if R has BSP Corollary 2.6 . 1 We also obtain some results on the BSP for the case in which R is strongly graded, but G may not be finite. w x In Section 3, we study the BSP for group rings. If R G has BSP, we show that either G is finite or R is semisimple artinian. This allows us to w x reduce our study to D G , where D is a division ring. If D is a division w x w x ring with center K and if D G has BSP, then K G has BSP. The converse is true if D is finite dimensional over K. For a field K and an infinite abelian group G, we give necessary and sufficient conditions on K and G for the commutative group ring to have BSP.
BSP FOR GRADED RINGS
Let C C be a Grothendieck category with a finitely generated generator, U. We shall say that a singular object X of C C has bounded order in case there is an essential subobject K of U such that X embeds in a factor of Ž . ŽA A. UrK for some set A A. It is easy to show that this definition does not depend on the finitely generated generator of C C. Moreover, this concept clearly coincides with the usual one when C C s R-Mod. It also makes sense for R-gr when either G is finite or R is strongly graded, since in these cases R-gr has a finitely generated generator.
Let G be a group and R be a graded ring of type G. Let A be a singular gr Ž . graded left R-module, I a member of I I R . We say that A has gr-bounded order if A can be embedded in a graded left R-module which has a set of homogeneous generators all annihilated by I. Equivalently, A has gr-bounded order I if A is a graded submodule of a factor module of Ž . some direct sum of RrI g for some g g G. When A has gr-bounded i i gr Ž . order I for some I g I I R , we say that A has gr-bounded order. It is gr Ž . clear that if A g R-gr has gr-bounded order I g I I R , then A has Ž . bounded order I g I I R .
Ž .
Remarks. i If G is finite, a gr-singular R-module M has gr-bounded order if and only if it has bounded order in R-gr.
Ž .
ii If R is strongly graded and M has bounded order in R-gr, then M has gr-bounded order. The converse is not necessarily true.
A Grothendieck category C C with a finitely generated generator is said Ž . Ž . to have BSP if, for every X g Ob C C for which Z X has bounded order,
In this section we first study an easy case: the BSP for a graded ring 
Proof. a Let S be a singular object in C C, then we have the following exact sequence
Since F is exact, preserves essentially, and maps a finitely generated generator of C C onto a finitely generated generator of D D, it is clear that it maps bounded order objects to bounded order objects.
Ž . be an exact sequence, where A is bounded singular resp. singular in C C Ž . and C is a nonsingular object. If D D has BSP resp. SP , then
Ž . would be split. Since F is separable, it follows that 1 also splits.
Let R be graded by the group G. Let U: R-gr ª R-Mod be the forgetful functor associating to a graded R-module M its underlying ungraded R-module. It is possible to construct a right adjoint F: R-Mod ª R-gr for Ž w x. U cf. 11 .
We now have the following two examples.
< < i If G is finite and R is G -torsion-free, the forgetful functor U: R-gr ª R-Mod satisfies the conditions of Proposition 2.3. This follows w x w x from 12, Prop. 2.4 and 5, Lemma 2.2 .
< < ii If G is finite and G is invertible in R, the right adjoint F: R-Mod ª R-gr satisfies the conditions of Proposition 2.3. This follows w x w x from 12, Corollary 3.7 and Theorem 3.10.7 and 5, Lemma 2.2 .
< < COROLLARY 2.4. Let R graded by a finite group G and let R be G -torsion-free. If R has BSP, then R has gr-BSP.
< < Now we can give a characterization of the BSP when G is finite and G is invertible in R. 1 We close this section with a lemma and a proposition that are needed in the proof of Corollary 3.4.
LEMMA 2.7. Let R be a graded ring of type G. Assume R is nonsingular as an R-module. If M is gr-nonsingular, then M is nonsingular as an R-module.
Proof. We will show that M is nonsingular as an R-module by finding an essential nonsingular R-submodule of M. Since M is gr-nonsingular, then we can find a family of graded left ideals H of R and graded left Proof. If we show that R has gr-BSP, then the result will follow by Ž Proposition 2.1. Combining Lemma 2.7 and Proposition 2.3 for the forget-. ful functor , we obtain that R has gr-BSP, as desired.
GROUP RINGS WITH BSP
Let R be any ring and G any group. The aim of this section is to determine necessary and sufficient conditions on R and G for the group w x ring R G to have BSP. Ž w x. w x Proof. Let s R G , the augmentation ideal of R G . If is not w x essential as a left ideal in R G , then G would be finite. Therefore assume w x w x that is essential as a left ideal in R G ; then R G r ( R is a left w x perfect ring by 6, Theorem 5.3 .
Let J be the Jacobson radical of R. If J is essential as a left ideal, then w x w x w x w x w x w J G e R G and R G rJ G is left perfect by 6, Theorem 5.3 . Now 18, x Theorem implies that G is finite. Hence we can assume that J is not essential as a left ideal of R. Then J l Rx s 0 for some 0 / x g R. Thus Rx is an RrJ-module. Since RrJ is semisimple artinian, it contains some Ž . simple left R-module. We consider J / J q Soc R .
Ž . Ž . Suppose J q Soc R / R. If J q Soc R is essential in R, then, arguing Ž . as above, G is finite. Hence we assume J q Soc R is not essential as a left Ž . ideal. Therefore, there is 0 / y g R such that J q Soc R l Ry s 0. Hence J l Ry s 0 and Ry as an RrJ-module contains a simple R-module, Ž . which would be contained in Soc R . This is a contradiction.
Ž . Ž . Now suppose that J q Soc R s R. If Soc R / R, we can take a Ž . Ž . maximal left ideal M such that Soc R : M and so J q Soc R F M, Ž . which is again a contradiction. It follows that Soc R s R and R is semisimple. 
As a trivial consequence of the two preceding lemmas we give the next result. Ž w x. w x Let R H be the augmentation ideal of R H . We can see that w x Ž w x. w x w x R G R H is left essential in R G . Now since R G has BSP, the proof w x w x w x Ž w x. of 6, Theorem 5.3 tells us that R G rR G R H is a left perfect ring. w x By 18, Theorem we obtain that GrH is finite.
By induction from Proposition 2.8 and the use of Lemma 3.4, we obtain the following result. Remark. The last three results often reduce, for some classes of infinite groups like abelian-by-finite, polycyclic-by-finite or solvable, the study of w x w x the BSP for R G to the study of BSP for K A , for a certain field K and an infinite abelian group A.
We recall the following definition from field theory. Let p be a prime, let K be a field characteristic / p, and for each n let ⑀ be a primitive 
